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Abstract-Stress analysis for joints between two isotropic materials is performed using three­
dimensional boundary element method with Rongved's fundamental solution [Rongved, L. (1955).
Force interior to one of two joined semi-infinite solids. In Second Midwestern Cont: on Solid
Mechanics, pp. I 13], which satisfies boundary conditions at the interface. The stress distribution
around the vertex of the joint is precisely examined and the order of stress singularity obtained in
three-dimensional analysis is compared with that in two-dimensional analysis. It is shown that the
order of the stress singularity along the stress singularity line. which is the intersection of the
interface with the free surface, varies from the value in plane strain to that in plane stress as the
opposite side free-surface is approached. The order of stress singularity in the spherical coordinates
centered at the vertex is next investigated. When singularity lines with a singularity order meet with
each other at the vertex, the order of stress singularity is larger than that for plane strain and plane
stress. When the vertex angle between two side free-surfaces is varied, the order of stress singularity
is also altered. In particular, a bound at which singularity disappears at the x-fJ plane for Dundurs'
composite parameters is examined for a cubic dissimilar material. It is demonstrated that the bound
varies little in comparison with the one obtained from the two-dimensional theory. Copyright I!"
1966 Elsevier Science Ltd.

l. INTRODUCTION

In recent years, composite materials and metal-ceramic joints have been used widely as
industrial materials. Failure in those materials frequently occurs at the edge of joints where
the stress concentration rises due to the difference of mechanical properties, and it is
deleterious to fracture toughness and retia bility of joints. The performance of advanced
material systems will be controlled by such highly stressed sites. It is, therefore, important
to clarify the characteristics of the stress and displacement fields around the bonded edge.
Williams (1952) had investigated the order of stress singularity in a single wedge under
various boundary conditions. Bogy (1968, 1970, 1971) had studied the stress singularity
near the bonded edges in two-phase materials on the basis of the two-dimensional theory
of elasticity. Many investigators [Hein el al. (1971), Cook el al. (1972), Theocaris (1974),
Fenner (1976), Dempsey et al. (1979), Barsoum (1988), Pageau et al. (1994) and Yang el
al. (1994)] have examined the behavior of stress singularity around the wedge, edge crack
and interface crack. We also have examined the stress field around the apex of joint, and
showed in experiment and analysis that the stress concentration in axisymmetric joints
could be reduced by varying suitably the edge angle and then the strength of joints could
be improved (Koguchi el aI., 1994).

Suppose a three-dimensional assembly of dissimilar isotropic materials has several
corners as shown in Fig. I. The three-dimensional asymptotic stress fields around such
corners can be studied by considering a polyhedral formed of the free surfaces and the
interface. Near the intersection of the interface with the free surfaces, referred to as the
vertex, the stress field is in a three-dimensional state. Then, the asymptotic series for the
stresses near the vertex can be expressed as follows:

( I )

where r is the radial distance from the vertex, r/J and (j are angles in the spherical coordinates
as shown in Fig. 2, and F,lr/J, 0, A) is the tensor of angular functions defined on a spherical
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Fig. I. Stress singularity lines and vertexes at intersection of side free-surfaces with interface in a
three-dimensional joint.

p

y
Fig. 2. Spherical coordinates centered at the vertex.

shell of unit radius that surrounds the vertex (r - 0). Corner singularities for homogeneous
materials have been investigated by Benthem (1977, 1980), Bazant and Estenssoro (1979),
and Ghahremani (1991, 1992). Almost all the studies on the stress singularity treated so
far in three-dimensional analyses were concerned with three-dimensional profile cracks. In
contrast to the investigation of stress singularity at the crack tip, three-dimensional corner
singularity in dissimilar materials has been rarely studied. A recent paper by Pageau and
Biggers (1995) considers the three-dimensional intersection of a multi-material junction
with a free surface. In the present study, the stress singularity occurs not only at the vertex
but also along the intersection of the interface with the free surface, and we refer to the
cross line as the stress singularity line. There are usually several stress singularity lines in
actual bonded structures. Incidentally, as shown in Fig. I, the vertex is a cross point of four
free surfaces with the interface: a point crossing two stress singularity lines with different
order of stress singularity. The stress field around such a vertex of a joint has not been so
far clarified, for instance, when a line with a stress singularity meets one without a singularity
and so on. We do not know well whether many results concerning dissimilar materials in
two-dimensional analyses can be employed to actual three-dimensional joints. In this paper,
we first report the stress field around a vertex in cases where (I) two singularity lines with
the same singularity meet each other, (2) a line with singularity meets one without singu­
larity, and (3) two lines without singularity meet. An influence of variation of vertex angle
ljJ (see Fig. I) upon the order of stress singularity is next investigated. Here, when the
angle, ljJ, between two side free surfaces is varied while holding a relation of edge angles
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I/; I = 1/;2 = 1/;3 = 1/;4 = 90 fixed, it is examined whether the order of stress singularity varies
with the angle, which cannot be taken into account in the two-dimensional analysis. Finally,
a bound of material combinations on ('1.-13 Dundurs' parameters plane yielding no stress
singularity at the vertex is investigated (Dundurs, 1969), rx and 13 are defined as follows:

Kmn-mI
rx=

Km n +m l

where

f3 = _K(_m_I_I-_2)_-_(_m_I_-_2_)

Kmn+ml
(2)

(3)

4(1- v)

m = 4

1+v

for plane strain

for plane stress
(4)

in which G is shear modulus and v is Poisson's ratio. Subscripts in these parameters represent
the region of materials: I refers to the upper region and II the lower region in Fig. 1.

2. CHARACTERISTICS OF STRESS DISTRIBUTION NEAR THE VERTEX

Thompson et al. (1970) investigated the order of stress singularity at the end of a cone
on the basis of three-dimensional theory of elasticity. After that, the order of stress singu­
larity at the cross point of free surface with crack front in a three-dimensional shape crack
was intensively examined by Bazant and Estenssoro (1979), Benthem (1977, 1980), and
Ghahremani (1991, 1992) using the principle of minimum potential energy, three-dimen­
sional theory of elasticity, variational principle and so on. In contrast to these studies, it
seems that three-dimensional stress analyses for bonded structure with a general con­
figuration have not been so far performed. Recently, Pageau and Biggers (1995) investigated
the three-dimensional intersection of multi-material junction by using FEM with a singular
element.

To examine the stress singularity at the vertex of a joint, a spherical coordinate system
with the origin at the cross point of singularity lines is introduced as follows (see Fig. 2) :

rx = r sin 1> cos e
< v = rsin 1> sin e
l~ = rcos 1>

(5)

Then, the stress components in the coordinate system can be expressed as the following
asymptotic series,

(Jil = L r''Ft(1), e, Ak)
k~l

where Ak is the kth eigenvalue determined from the boundary condition,

(6)

where - 1 < I'k < 0, the stress field has a singularity, and Ft(1>, e, Ak) is the intensity of the
stress fields. Then, the stress components can be arranged as follows:
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Fig. 3. Typical model of joint for analysis and Cartesian coordinates. Size of L. a and b are common
for other joints with varied edge angles 1jJ" 1jJ, and 1jJ.
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(7)

When the radial distance from the vertex, r, is sufficiently small, the second and subsequent
terms are approximated to zero, because of ,12 - Al > )'3 - Al > ... > O. Here, the stress near
the vertex is investigated at r so small that the plots of stress distribution against r become
straight in a log-log scale. In such a case, (7) agrees with (l).

2.1. Stress analysis ofbonded structures
We must pay attention to the mesh division to examine precisely the stress distribution

of the portion including the stress concentration using FEM or BEM. Particularly, in the
calculation of three-dimensional FEM for a complex structure, a vast memory for large
numbers of elements is needed to obtain the stress distribution in the structure. On the
other hand, three-dimensional BEM is useful to analyze efficiently the stress fields in such
a structure from the views of preparation of mesh data, since only surfaces are divided into
mesh for analysis. BEM will be able to calculate accurately the stress and displacement
fields for any points in the joint with highly stressed sites by preparing fine mesh data.

The boundary integral equation in terms of the displacement vector, ul ' and traction
vector, ti' can be expressed as follows:

(8)

where P and Q are points on the boundary, eli are constants determined from the con­
figuration of boundary, VIf and Til are the fundamental solutions for displacement and
surface traction, respectively.

Equation (8) is discretized using a quadrilateral serendipity element and a simultaneous
equation for unknown variables is derived. By the way, in a previous paper (Li et al., 1992),
we reported the results ofthe stress analyses for dissimilar materials using three-dimensional
boundary element method with Kelvin's fundamental solution. When the ordinal Kelvin's
fundamental solution is employed in the analysis of joints, their interface must be also
divided using finer meshes at the vertex of joints and along the stress singularity lines. Then,
huge memory and time consuming analyses are required for accurately analyzing the
stress fields. In the present study, Rongved's fundamental solution satisfying the boundary
condition at the interface is, therefore, employed (see Appendix).

A typical model employed in our calculation is shown in Fig. 3, where every free
surface is a square of the same size, a side of which is 10 mm in length and the interface of
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tflt=60° , tfl2=60°
1fI=90°

Fig. 4. Three models of joint with varied edge angles, l/J, and l/J2.

joint is at the middle of the upper and the lower surfaces. Several models with different
edge angles, t/JI and t/J2' of region I, as shown in Fig. 3, are first analyzed under a pair of
elastic moduli of two materials. The analyses are performed under the condition where a
uniform constant tensile stress, O'cc( = P), is applied at the upper surface and the displacement
in the z-direction only at the lower surface is fixed. The edge angles in the region II are
fixed to a right angle and those of region I are modified to (1) t/J 1 = t/J2 = t/J = 90', (2)
t/JI = t/J = 90°, t/J2 = 60 and (3) t/JI = t/J2 = 60", t/J = 90' as shown in Fig. 4.

2.2. Estimation of order of stress singularity near the vertex
Before proceeding to three-dimensional analysis, the procedure estimating the order

of stress singularity by BEM adopted here will be described. The order is obtained from
the estimation of the slope of log-log plot of the stress distribution at the neighborhood of
the vertex. The value of order may vary with coarseness of mesh, and a known value of
order in two-dimensional joints is here compared with the numerical one. Now we consider
ajoint with apex angles, / and yn, as shown in Fig. 5. A schematic view and mesh division

Fig. 5. Description of parameters for two-dimensional joint.
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Fig. 6. Typical model of joint and mesh division for two-dimensional analysis. Load is applied on
upper edge.

of two-dimensional joints for analysis are shown in Fig. 6. Kelvin's fundamental solution
in two-dimensional elasticity and a quadratic serendipity element are used in the analysis.
A rectangular joint of being 20 mm in length and width is analyzed as a standard model,
and the numbers of element and node for the model are 100 and 200, respectively. A
minimum length of an element around the vertex is 0.1 /.lm. The stress distribution in a
joint composed of elasticity moduli, E' = 100 GPa, v' = 0.37, E" = 340 GPa and v" = 0.25,
is first analyzed and the results of stress distribution in plane strain are shown in Fig. 7 for
several angles, e. This log-log plot for stress, O"eEh yields straight lines with the same slope
for every angle and the stress increases with approaching the vertex, R ---. O. For this case,
the order of stress singularity is derived from Bogy's eigenequation as -0.1226 in plane
strain and - 0.0925 in plane stress. The mean value of slope obtained by using least square
method for all plots is - 0.1227, and this value agrees well with theoretical one. The slopes

100.....-------------------,

o B=: -4.5deg

• B=: -22.5deg

o B=: -40.Odeg

lL.------"-------"------~
10'5 10'4 10'3 10'2

RlW

Fig. 7. Distribution of dimensionless stress, aBe! P against R/ W for several angles, e.
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Fig. 8. Variation of singularity order with apex angle, /. under the condition of -( +l' = 180".
Comparison ofresults obtained by the theory of two-dimensional elasticity and the two-dimensional

BEM.

for other stress components, (JRR and (JRe, are agreed with each other within 0.86% error,
and the plot becomes straight line with the same slope within RjW < 10- 2

, where R is a
distance from the vertex. Furthermore, the order of stress singularity for joints varying the
vertex angle like as '/ +y" = 180 degrees is examined using the same minimum length of
element and material combination as before. Results of order estimated by BEM and
Bogy's theory are shown in Fig. 8 against the vertex angle, y'. Solid line and open dots
represent theory and BEM, respectively. Both results are agreed with each other.

We will examine next the order of stress singularity in three-dimensional joints on the
basis of the results of two-dimensional analyses. It is known that when the configuration
of an element becomes slender and irregular, the accuracy of analysis reduces. If such an
element is assembled along the stress singularity line, significant errors may be caused in
the results of the analysis. So, a triangular element constructed by degenerating two nodes
in a quadrilateral element into one is employed at a portion changing gradually the mesh
size along the singularity line. Parts indicated by bold solid lines as depicted in Fig. 3 are
divided into a mesh utilizing the symmetry of joint configuration. As mentioned before, a
quadratic triangular element is employed for analyzing accurately the stress field along the
singularity line and near the vertex. An example of mesh division for the joint with angles
t/Jl = t/J2 = t/J3 = 90" is shown in Fig. 9, where a minimum length of an element at the vertex
is 0.03 pm, the total number of elements is 482 and the total number of nodes is 1063. The
stress fields are here computed by setting £1 = 100 GPa, £2 = 500 GPa, VI = 0.37 and
V2 = 0.25. Then, the stress singularity does not occur at the edge angle of 600 in plane stress
and in plane strain. The stress singularity occurs at the edge angle more than 65' in plane
strain and 72' in plane stress under this pair of materials. The orders of stress singularity
for these pairs of edge angles are presented in Table 1.

Figure 10 shows a log-log plot of stress, (Jezo non-dimensionalized by the applied stress
P on the upper surface of joint. The plotted values are the ones on the interface at the
distance, r" from the free surface along the y-coordinate axis, and the axis of abscissa is
the dimensionless value of the distance, ro from the free surface divided by a representative
length, L, of the joint. We can see from this figure that the plots are almost linear in a log­
log scale and their slopes are negative. These results mean that the stress fields near the
vertex have a singularity. Figure 11 shows the variation of the order of stress singularity
with the dimensionless distance, rjL. The order varies from the one in plane strain to that
in plane stress as the position of plot approaches to the free surface, and it may become
slightly less than the one in plane stress very near the free surface. Here the value of stress
singularity is - 0.13 in plane stress and - 0.169 in plane strain, respectively.
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Detail of part A
Fig. 9. An example of global mesh division and mesh near the vertex for typical model of joint.

Table 1. Material properties and order of stress singularity

Order of stress singularity
Young's modulus E Poisson's Apex angle ------

Region [GPa] ratio v [degree] Plane strain Plane stress
------- .-----

I 100 0.37 90
II 500 0.25 90 -0.169 -0.13
I 100 0.37 60
II 500 0.25 90 0.070 0.28

2.3. The order olstress singularity and stress distribution in spherical polar coordinate system
near the vertex

Figure 12 demonstrates the distributions of several stress components, (Jm (Jrq;' (J,pq; and
(JOB on the interface against the distance, r, from the vertex in spherical polar coordinate
system (see Fig. 2). Results plotted in this figure are those at different angles, ¢ and e, taken
from the polar and the side free-surface. Slope of each line in a log-log scale is the same
value, A = -0.208, which is approximately 1.6 times as large as that in plane stress. Thus,
when two singularity lines with the same order of singularity meet at the vertex, it is found
that the order of stress singularity yielded in a three-dimensional polar coordinate system
becomes larger than that yielded in two-dimensional one. If the intersection of free surface
with the interface produces a stress singularity line, the possibility that failure occurs at the
vertex becomes considerably higher than on the singularity line.

When the edge angles, if; I and if;2' are 90° and 60", the distributions of normal stress,
(Jee, on the interface are shown in Figs 13 and 14 versus distances, r, and rv, respectively,
from the side free surfaces. The former is the variation of the distribution with the distance
from the free surface along the y-axis, and the latter is the one along the x-axis. The stress
singularity, an apparent mean order estimated by using the least squares method within
rxl L :::;; 10- 4 is A = - 0.174, and still exists at the free surface with the apex angle of 90°.
These plots have a slight curvature as r,,/L ---> 0, owing to the decrease of accuracy of
calculation. When an inner point approaches the free surface on the interface, the stresses
at the point are more influenced by the oblique free surface with an apex angle of 60 than
the free surface with an angle of 90°, since the point is closer in the oblique surface than in
the perpendicular surface to the free surface. On the contrary, the singularity at the free
surface with an apex angle of 60' diminishes and the slope of lines in a log-log plot obtained
by using least square method for rv/L;" 9.0 x 10- 5 is approximately 0.193. We need, fur­
thermore, a small element size and mesh division when the stresses developed in rectangular



Stress singularity analysis 469

1.50

1.45

1.40 1-........ . , "."""'...

rjL
0 l.5xlO-4

• 1.4xlO-4

<> 1.3x 10-4

• 1.2x10-4 .

!::. l.1x1Q-4

" LOx10-4

rJ 9.0xlO-5

• 8.0xlO-5

><1 7.0xlO-5

M 6.0xlO-5

1.35 r-. ,........................................................................................... 1

6 9

rlL

2

Fig. 10. The distribution of dimensionless stress (fcc! P against the dimensionless distance, r ,/ L. from
side free-surface in the direction of x-axis. The apex angles are ljJl = 90'.ljJ, = 90' and ljJ = 90.

•

~
~
~Plane stress

........~

~>--

r~~,~

I i

-0.12

-0.13

.S -0.14...
oS
::!
l>()

·5.,.,
-0.15.,

~
"&...
{; -0.16...
a

-0.17

-0.18
60 80 100

rjL

120 140xlO-6

Fig. II. Variation of the order for stress singularity wilh distance from the free-surface.



470 H. Koguchi

" :

-<>- (lrr : 1/>=30°, 8=15°
~ (I" :q>=300, 8=15°
-A- (I~~ : q>=30°, 8=15°
-<>- (I" :q>=30°, 8=25°
~ (lrr : q>=60°, 8=15°
-!'.- (I~~ : 4'=60°, 8=15°
-"l- (lrr : q>=90°, 6=45°
___ (I" :q>=90°, 6=45°
--D- (I~ : q>=90°, 6=45°
--- (199 : 1/>=90°, 6=45°
-v- (I~~ : 1/>=120°, 8=15°
-v- (lrr : q>=120°, 8=25°

. -0- (lrr : q>=150°, 8=25°

.: , ..:. "~

.. ;... ; .. j

4 S 6 7 8 9
10-4

2

S·

6

4

2

3

834S6789
1O-S

9

rlL
Fig. 12. Distribution of dimensionless stresses, (J,j P, against r/ L for several angles II and cP. The
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7'.-------------....-------------.......,

6

rjL
-0- 1.5xIQ-4
___ 1.4x1Q-4

-<>- 1.3x1Q-4

-+- 1.2x1Q-4

-/',- 1.1X 1Q-4

-.- LOx1Q-4

~ 9.0xIQ-S

..... 8.0xIQ-S

~ 7.0x1O-S

-++- 6.0x1O-S

6 7 9 2

r/L
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Fig. 14. Distribution of dimensionless stress, (Lc!P, on the interface against r,/L. The edge angles
are 1jJ, = 90, 1jJ, = 60' and IjJ = 90.

coordinates by varying the apex angle do not have a stress singularity. We thus suppose
that the stress distributions in this joint are complicated near the vertex. Figure 15 dem­
onstrates the distribution of stress, (Jr/><P' on the interface against r/L at several angles, e,
which measured from the free surface with the apex angle of 60°. The plot for e= 15' is at
the nearest position to the free surface with apex angle of60', and its magnitude is extremely
small. The value of the plot decreases approaching the origin owing to the disappearance
of stress singularity at the side free-surface with apex angle of 60°. As to the angle e= 75\
the stress level is extremely high, but it decreases approaching the origin owing to the
influence of the free surface with no singularity. The magnitude of stress in this joint
becomes extremely small in comparison with that in the joint with edge angles 90' and
-90". The mean singularity order for these plots is about 0.038. This means that the
stress concentration at the vertex in the three-dimensional joint can be also reduced if the
singularity for one of the side free-surfaces vanishes.

Figure 16 shows the distribution of stress, (Jzz, on the interface against l"x/L in the joint
with the apex angles l/J I = l/J2 = 60'. The abscissa in this figure is the dimensionless distance
from the free-surface along the x-axis and the ordinate is the dimensionless stress, (Jzz/ P. It
is found that the plots have a slight curvature in a log-log scale and the stress singularity
vanishes at the vertex, since the slope of the plots is positive; approximately 0.137 using
least square method for all plots. As previously mentioned, a calculation with a high
accuracy for the stress distribution in rectangular coordinate system requires a smaller
element size and a greater number of elements. Figure 17 represents the distribution of
stress, (Jq,q, on the interface of a joint, against the distance from the vertex. The lines plotted
for several different angles, 0, have slightly different slopes, the mean value of which,
obtained by using least squares method, is approximately 0.27, and the value is approxi­
mately twice as large as that for the lines shown in Fig. 16.

In this section, we show that even when the pair of materials yields the stress singularity
at the vertex of a joint, the stress singularity can be diminished by adequately varying the
apex angle of the joint, and the calculation for an exact stress distribution in a plane
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extremely close to the side free surface requires a finer mesh and a greater number of
elements. So, the apex angles of the side free surface are fixed at lj; I = lj;2 = 90 in the stress
analysis carried out in the next section.
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Fig. 17. Distribution of dimensionless stress, (J<p¢! P, on the interface against r,! L for several angles
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Table 2. Materials parameters used in calculation

Value of Dundurs' parameters in
plane strain

Material properties

Order of stress singularity E [GPa]

No. C( Ii plane strain plane stress II II
-_..-----..-- --- ---_.---- ._-------_._...._- ._-_._---_..--.-_.

0.507 0 -0.15 -0.118 100.0 27.5 0.15 0.422
2 0.612 0 -0.20 -0.154 100.0 19.99 0.2 0.450
3 0.713 0 -0.25 -0.187 100.0 14.26 0.3 0.475
4 0.809 0 -0.30 -0.231 100.0 8.34 0.15 0.477
5 0.902 0 -0.35 -0.270 100.0 3.96 0.1 0.488

2.4. Order afstress singularity in varying the vertex angle between two side free-surfaces
When the apex angle of the three-dimensional joint was altered, the order of stress

singularity at the vertex varied much more than the value of the order estimated from the
two-dimensional theory of elasticity. Furthermore, it is supposed that it may be possible to
vary the order of singularity at the vertex in a three-dimensional stress state by changing
the vertex angle, l/J, between side free-surfaces. The influence of variation with the angle, l/J,
upon the order of singularity has never been elucidated. When the combination of materials
and edge angles (l/JI, l/J2, l/J3 and l/J4 shown in Fig. I) of the joint are fixed, a notable variation
of the order may not be expected, because it is considered that the stress singularity
originates from the difference of material properties and the edge angles. To examine this
point, we perform stress analyses for the joint with edge angles l/JI = l/J2 = l/J3 = l/J4 = 90°,
following the results of the previous section under several pairs of material properties. The
pairs of materials employed in this calculation are shown in Table 2. The pairs of ':i and f3
in plane strain are plotted on the Dundurs' composite parameter plane as shown in Fig.
18. The order of singularity estimated on the basis of the two-dimensional theory of
elasticity for these material pairs is also noted in Table 2. You can see that the order in
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a

Fig. 18. Pairs of Dundurs' composite parameters examined the order of stress singularity in plane
strain. The apex angles ljJ, = ljJ, = ljJ) = ljJ4 = 90.
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Fig. 19. An example of distribution of dimensionless stress, (J~<p!P, at () = 45 on the interface for

several angles.ljJ. (0: = 0.902 and f3 = 0.)

plane strain varies in an orderly way, although the one in plane stress does not always
change regularly owing to the difference of the definition of m and K. Here, when the vertex
angles, lj;, between two side free surfaces are 45', 60", 90°, 1200 and 1500

, the order of stress
singularity in the spherical coordinate system is investigated. Figure 19 is an example of
the distribution of stress, (J</)(P at () = 45 on the interface in rx = 0.902 and p = 0, and the
plotted lines were almost straight in all the cases of the angle lj;. The order of singularity
increases with the decrease of the vertex angle, lj;. We can say that failure ofjoints, therefore,
occurs more easily in those with a smaller vertex angle.

We investigate how large the order J.in the spherical coordinate system is in comparison
with the order I'Plalles/res, in plane stress. Figure 20 demonstrates the relationship between the
ratio of A to I.plane,,,ns and the order Aplalles"a;n in plane strain. The ratio in a large vertex angle
is always smaller than that in a small one. The ratio of Aplallcs/rm" to Apla"""'''ss is also added to
this figure. We can see that, when the vertex angle lj; increases, the variation of I.! Apl""eSlress

with Apl""eslr,,;n behaves in a way similar to that of the ratio I'pl"n"slraln/ Aplan"srres,,' The value of
the ratio Apia"",,,,,;,,!Apl"""",!",S seems to agree with a fixed value corresponding to each vertex
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angle. The order of stress singularity in the spherical coordinate system depends not only
on the combination of materials and edge angles but also on the vertex angle between two
side free-surfaces.

2.5. Bound yielding no stress singularity on Dundurs' composite plane
It was shown in Section 2_2 that the order of stress singularity at the vertex of a joint

was different from that estimated by the two-dimensional analysis and varied for material
combinations. It is, therefore, supposed from this fact that the bound yielding no stress
singularity on Dundurs' composite parameter plane is unlike one obtained from the two­
dimensional theory of elasticity. Hence, we perform a stress analysis for the joint with
angles l/JI = l/J2 = l/J3 = l/J4 = l/J = 90" to examine the bound that the stress singularity dis­
appears under several pairs of Dundurs' parameters.

As shown by the bold solid line on Dundurs' composite plane in Fig. 21, we investigate
the pairs yielding no stress singularity by varying either IX at fixed f3 or f3 at fixed r:t. in the
direction indicated by arrows. Figure 22(a) and (b) are examples of stress distributions for
several values of f3 at r:t. = 0.8 and for several values of r:t. at f3 = -0.225. The bound
diminishing the singularity is here considered to be the pair of rJ. and f3 yielding a value of
J. whereby the first 4 digits are zero. Figure 23 represents Dundurs' cl.-f3 plane plotting the
bound vanishing the stress singularity at the vertex. Dotted lines drawn in this figure
represent the bound in which the parameters r:t. and f3 exists in plane stress. It is found that
the bound vanishing the stress singularity in a three-dimensional stress state varies little
compared to that in the two-dimensional theory, nevertheless the order of stress singularity
changes greatly within the domain incurring the singularity on the Dundurs' rJ.-f3 plane.
Precisely, the bound shifts slightly within the overlapped domain of the iX-f3 plane in plane
strain and plane stress. It moves a little into the domain yielding stress singularity in plane
strain and out of the domain yielding it in plane stress. The condition yielding no singularity
in plane strain and in plane stress is satisfied within a common domain, although it is
satisfied only in plane strain at the outside of the common domain. Consequently, it is
considered that the bound yielding no singularity shifts at the outside of the overlapped
domain owing to non-satisfaction of the condition yielding no singularity in plane stress.
The present results suggest that the stress concentration occurring in dissimilar materials
can be reduced by applying the results of the two-dimensional analysis in manufacturing any
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Fig. 21. Searching direction of pairs, (X and [3, yielding ic = 0 on Dundurs' composite plane.

joints. Further analyses are required to extend the present results to another configuration of
joints.

3. CONCLUSION

We investigated the stress fields around the vertex of three-dimensional dissimilar
materials using the boundary element method with Rongved's fundamental solution, which
is satisfied with the boundary conditions at the interface. The order of stress singularity
along a singularity line; intersection of a bonded plane with a free surface, varies from the
value in plane strain to that in plane stress approaching the other free-surface side. The
order of stress singularity at the vertex in the spherical coordinate system with an origin at
the vertex rises when the stress singularity fields occur in the result of two-dimensional
analysis. The order of singularity was also affected by a variation of the vertex angle
between two free-surface sides, even if the pairs of material property and edge angles of the
joint were fixed. As a result, the order increases with a decrease in the vertex angle and the
joint with a small vertex angle fails easily. Finally, the bound on the r:x-f3 plane of Dundurs
composite parameters diminishing the stress singularity in the three-dimensional stress state
varied little in comparison with that deduced from the two-dimensional analysis except for
a common domain of the r:x-f3 plane for plane strain and plane stress. Hence, we consider
that the results in the two-dimensional analysis can be utilized for reducing the stress
concentration occurring in the three-dimensional joints.
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APPENDIX

The fundamental solution for the two-phase materials is derived by employing the relationship of Papkovich­
Neuber:

(AI)

where <1>; and '1'1 represent the potential functions for a unit concentration force in the i-direction, and Uu the
displacement for the j-direction.

Solution of traction vector, T'i can be derived by differentiating the displacement (AI)

(A2)

and utilizing Hooke's law for isotropic materials and the normal unit vector, Db as follows:

(A3)

Here the values of moduli G and /( for the region where the observation point exists are used in the analysis. The
potential functions in the case where a unit concentration force acts at a point P(O, 0, zo) and the bonded plane is
at z = 0, are presented as follows:

For the z-direction force:

when an observation point is located in the region I;

< 1 {l I Z+lzol}<1>; = --.-- - + A/(, - + 2Alzo 1--,-'
27[(/(, + 1) R, R2 R~

(A4)

when an observation point is located in the region II;

l-B I
<1>3 = -

- 27[(/(, + 1) R,

(A5)

For the x-direction force:

when an observation point is located in the region I;

, 1 {II}<I> = -+S-
, 27[(/(, + I) R, R,

when an observation point is located in the region II;

<1>' = ----'!._.2..
, 27[(/(1 + 1) R,

I-B-T x
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where
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R, = Jx'+y'+(z+zo)'

I-r
A=--

1+I<,r

l-rs=-­l+r

1<, +1
T= (I-S)-­

1<2 + 1

I<j = 3-4vj

(A7)

(A8)

The fundamental solutions for the y-direction force can be obtained by exchanging coordinates x and y.


